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NUMERICAL CALCULATIONS 
FOR SOME TYPES OF BOUNDARY VALUE PROBLEMS 
WITH UNBOUNDED DOMAINS 
COLLATZ L., HAMBURG, FRG 
Abstract: An important but often difficult problem for the numerical 
analysis is the question for the accuracy of an approximate solution 
of an initial or boundary value problem; this question can be answered 
for some simple models with aid of approximation and optimization me-
thods. It is useful for application methods to generalize the theory 
and the H-sets to more general classes of approximating functions, for 
instance of rational, algebraic and other functions. 
1. Introduction and H-sets. An important task for the numerical ana-
lysis is the determination of bounds for the error of an approximate 
solution; or in practice: The decision how many of the digits of the 
computer-result can be guaranteed. These error bounds or "exact in-
clusions" (that means guaranteeable) help to compare different numeri-
cal methods and to see how accurate they are. For brevity we restrict 
ourselves on some simple numerical examples. 
The theory of H-sets permits often to characterize a "best"-Chebyshev-
Approximation and to see which accuracy is possible with a prescribed 
number p of parameters in a given class W=W(x,a)={w(x..,... ,x ,a..,...a)} 
of continuous functions w, which are used for approximation of a in a 
domain B given continuous function f in the maximum norm. For a more 
detailed description see f. i. Meinardus |67|, Collatz-Krabs |73|, 
Werner |62|, Hammerlin-Hoffmann |89|, Engeln-MUllges |88|a.o. . A H-
set is the union of two point sets M.,M2 in B with the property: There 
exists no pair of two elements w,w of W with 
(1.1) w - w > 0 on M.. , w - w < 0 on M~. 
Let be w £ W with the errorfunction e = w - f. If E > 0 on M., e < 0 
on M9, and p the minimal distance: (1.2) p = inf||w-f||, then we 
weW have the inclusion theorem for p: 
(1.3) u = Min |e(x)| < p < M = ||e||. 
xeH 
If u = M, then w is a best approximation. 
Important remark: Let IJJ(Z) be a monotonically increasing (or monotoni-
cally decreasing) function of the real variable z; if a set Q is a H-
set for the class W={w(x,a)}, then Q is also a H-set for the class 
W*={ij>(w(x,a,))}. 
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H-eets are often considered for polynomials P(x) in one and more di­
mensions and all these H-s 
1 , faш, | P ( x ) | q for 
sets are also H-sets f . i . for , i , /P(x), 
q > 0 f JlnP(x) , e




Example; Approximate f (a) = /2-x by w(x) •- in the interval [p,lj. 
Any three abscissae €fnfp with 0<£<n<p£l with 
Cfp e M-f n e M2 are a H-set; in the example shows 
the symbolic scetch the best approximation, Fig. 1f 
with p=0.04. 
The theory is applicable to rational, algebraic and 
other approximation; we show that these approxima-
tions occur in many applications. 
2. Rational approximation 
A) Unbounded domains. Ideal flow of a liquid over ground, described in 
x2 
a x-y-plane by a function y=ij>(x), for instance i|/(x)= j , Fig. 2. 
1+x4 
The streamlines may be fi(xfy)=const. We have for u = y-u 
rAu=0 in B = {(xfy)f |x|<«f y<i|>(x)} 
(2.1)^u(x,*(x)) - *(x) on r={(xfy)fy=iMx)> 
lu=0 "at infinity" 
We take as approximate sol/ution v(xfy) the 
rational function 
m / y-n 
(2.2) v(x,y) = E a y-E ? + 
P-1 P \ (x-*pr+(y-n r 








































Here holds the monotonicity (compare f.i. Collatz | 52 |,166|,|81|, Bohl 
|74|
f
 SchrCder |80| a.o.) 
(2.3) From 
/ -Ad> in B \ "j 
LJT<|> = V • on T
1
 / > 0 I 
*\and <|>=0 at infinity ) 
follows <f> > 0 in B \J 3B. 
The sign > holds for every component and pointwise in the classical 
ordering for real numbers. Taking e=v-u as <J>
f
 one can get an upper 
bound for u. 
I thank Mr. M. Dellnitz for numerical calculation. He got for m=2
f 
n=3 the values for the parameters: 
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p ot P Ç P ПP 
1 0.075 200 0.989 617 0.118 975 
2 0.334 259 0.159 502 -1.345 361 
3 0.25Ï 144 0.673 395 -0.780 159 
and the guaranteed error bound 
|v-u| < 0.00418 in B. 
Adding the higher singularity for p=3 increased the accuracy. 
B) Outer space problems i|;(xfyfz) may be a continuous function: ip=0 
may describe the surface 3B of a connected closed bounded domain B and 
3 
i|>>0 describe the "outer space" R B. We suppose i|;(0f 0f 0) <0. Problem 
for u: 
(2 •>{ 
Au O in R \B and u = f (xfyfz) on 3B (for i|r-=0) 
lim u=0 (with r2=x2+z2) 
u?a 
f(xfyfz) is given. We approximate ubyv(x fy fz) = E a. r.f 
j - 1 - -
where r. is the euclidean distance from the point (xfyfz) to a chosen 
fixed inner point p. of B. 
C) Blow-up-phenomena (Friedman 1982-1989 a.o.) 
2 2 
(2 .5) D i f f e r e n t i a l equat ion | - -u-~=p(x fy)+q(x fy) [ u ( x f y ) ]
z 
i n B = { ( x f y f ) ; x>0 f y>0}. 
F i g . 3 
Initial conditions u(xf0)=u(Ofy)=a=const > Oj p(xfy) and q(xfy) are 
given continuous functions with p>0, q>0 in Bf q in x and y monotoni-
cally not decreasing. Then exists a curve C in B with lim u(xfy)=°°; 
.jlf xfy approaches a point of C from smaller values of xfyf Fig. 3. 
2 2 
Example: 3 u/(3x3y)=1+u ; a=1; approximate rational solution for in-
2 2 stance v(xfy) = (1+a..xy+a2x y )/(1-a3xy). 
This phenomenon occurs also for ordinary Differential Equation 
(2.6) yf(x) = q(x) + I pv(x) [y(x)]
V
f y(xQ) = yQf in B={x;xo<x<~} 
3. Algebraic approximation 
A) Outer space problem. 
We use the notations of Nr. 2f B): 
B = {(xry,z), r





Au = 0 in B; u - z on 3B; u = O "at infinity". 
Approximation with •••• •• .--, 
A V + ( z - z / 
I thank Mr. Th. Schiemann for calculation with 3 poles. 
He got an approximate solution v with an error bound 
|v-u| < 0.000038. 
(more details in Collatz [8$]). 
B) Blow-up-Problemt 
We consider a special case of (2.5): Ty = y'(x)-x-[y(x)] =0,y(0)=1. 
We ask for a value x=£ with 
iim y(x) = », y(x)>1 for 0<x<£. 
$= (1-cx) gives T<f> <_ 0 for c=2; therefore Z < j 
We cannot reach T<|> ̂  0 for c > 0; but the algebraic function 
^ =-. —J gives Tij; > 0 for a = 1.085; therefore ^ > i- = -T-U-T= 0.4608. 
/T=7ax ~~ 2a 2'17 
There are also many other cases in which algebraic approximation is 
appropriate. 
References 
Bohl, E. |74| Monotonie, L6sbarkeit und Numerik bei Operatorgleichun-
gen, Springer, 1974, 255 p. 
Collatz, L. |52| Aufgaben monotoner Art, Arch.Math.Anal.Mech. 3 (1952), 
366-376. 
Collatz, L. 1661 Funktionalanalysis and Numerical Mathematics, Acade-
mic Press,-1966, 473 p. 
Collatz, L.-W.Krabs |73| Approximationstheorie, Teubner-Stuttgart, 
1973, 208 p. 
Collatz, L. 181 | Anwendung von MonotoniesStzen zur Einschliefiung der 
LSsungen von Gleichungen; Jahrbuch Oberblicke der Mathematik, 
1981, 189-225. 
Collatz, L. 1891 Rational and Algebraic Approximations for Initial-
and Boundary value problems, Lecture 1989 at a Conference at Ober-
wolfach to appear. 
Engeln-MUllges, G.-F. Reutter |88| Formelsammlung zur Numerischen 
Mathematik, B.I. Wissenschaftsverlag 1988, 788 p. 
Hammerlin, G.-K.H. Hoffmann I89j Numerische Mathematik, Springer 1989, 
448 p. 
Meinardus, G. 16"71 Approximation of functions, Theory and numerical 
methods, Springer 1967, 198 p. 
SchrBder, J. |8o| Operator inequalities, Acad.Press, (1980), 367 p. 
Werner, H. | 62 | Konstruktive Ermittlung der Tschebyscheff-Approximie-
renden im Bereich der rationalen Funktionen, Arch.Rat.Mech.Anal.11 
(1962) 368-384. 
239 
